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We review the derivation of Wilson’s differential equation in (infinitely) many
variables, which describes the infinitesimal change in an effective potential of a
statistical mechanical model or quantum field theory when an infinitesimal
“integration out” is performed. We show that this equation can be solved for
short times by a very elementary method when the initial data are bounded and
analytic. The resulting series solutions are generalizations of the Mayer expan-
sion in statistical mechanics. The differential equation approach gives a
remarkable identity for “connected parts” and precise estimates which include
criteria for convergence of iterated Mayer expansions. Applications include the
Yukawa gas in two dimensions past the =4 threshold and another derivation
of some earlier results of Gopfert and Mack.

KEY WORDS: Multiscale Mayer expansions; renormalization group; tree
graph identities.

1. INTRODUCTION

Many problems in statistical mechanics and quantum field theory center on
the analysis of functional integrals of the form

Z(¢') =f du(@) exp[ — V(o +¢') 1= [u* exp(—V)1(9") (1.1)
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where ¢ = (¢,), . 4 1s a Gaussian process with joint probability distribution
dp with mean zero and covariance C,,, so that

fdu(q;)gox:o all xe A

[du@)0.0,=C,,  allx, yes (12)

and V is an approximately additive functional (local in physics ter-
minology). This means V has the form

Ve Y u.9,) (13)

xeA

where the precise meaning of ~ will be discussed later.

The object in analyzing Z is to determine information on its depen-
dence on parameters in V in the limit as the index set A increases to an
infinite set. In applications there is always a natural procedure available to
define the covariance matrix and a sequence of V's for the sets through
which A increases to an infinite set.

An easy version of this problem occurs when V is exactly additive and
the covariance matrix vanishes off the diagonal, because in this case Z fac-
tors into a product of one-dimensional integrals. The expansion techniques
of statistical mechanics quantify what happens near this case. In recent
years the renormalization group philosophy has made it clear that the best
results are obtained when one applies these expansions to small “sub-
integrals” of [ du rather than the whole integral at once. For example, one
can write the covariance C as the sum of two (or more) covariances
C=CY 4 C? with corresponding Gaussian processes ), du*’ and ¢*,
du® so that

Z=u % 4 x exp(— V) = 1 » exp{log[u® » exp(— 1)1}

Since the original covariance can be written as a sum of many covariances
ch,..., C'* the problem becomes a study of the map

V- —log(u® xe™") (1.4)

This or some variant map has been used and studied in very many papers;
see, for example, Ref. 1. The present paper is concerned with the limiting
case of this philosophy, where we write

(p=jd¢(t), C=Jdt ) (1.5)
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Each increment de(z) is an independent Gaussian process with an
infinitesimal covariance C(z)dt (i.e., an Ito integral increment). This leads
to a differential equations approach: a flow equation describing how V
must change to compensate for an infinitesimal change in C. Such
equations were first obtained by Wilson,® but have not yet been much
used in mathematical investigations. Polchinski® is an exception, which
started our interest in this approach.
The flow equation obtained in this way is a partial differential
equation of the form
Vot =5(Vo—V2) (L.6)

@

where the @@ subscript denotes a Laplacian in all the ¢’s. Since there are an
infinite number of ¢ variables in the limit as A grows to an infinite set, even
if ¥V is local, it is an infinite sum of roughly equal functions and will
typically be infinite. On the other hand, its derivatives with respect to the
variables ¢, can remain finite. In this paper we study these derivatives of
solutions that are obtained by “the method of variation of parameters.”
These are power series in a parameter in front of the nonlinear term and
they turn out to be generalizations of the Mayer expansion in statistical
mechanics. The study of their analogues in the discrete case was begun by
Gallavotti er al. and is reviewed in Ref. 4. Related ideas were introduced by
Gopfert and Mack.!'?

The maximum principle, i.e., positivity of the fundamental solution of
the heat equation, along with a Cauchy-Kowaleska type of existence proof
shows that the derivatives of V' may be estimated by derivatives of the
solution of a similar equation with the Laplacian omitted and a sign
changed, i,

oviot=1v, V.

@

(1.7)

Furthermore, we can even estimate suitable norms of the original ¥ (which
measure how “nonlocal” V is) in terms of the solution of (1.8) with only
one ¢ variable. A Burger’s equation was analyzed in Ref. 5 in a similar way
to obtain mean-field theory bounds on the Ising model. Equation (1.7) is a
Hamilton—Jacobi equation with an unusual sign (or alternatively the initial
data have been flipped in sign.). The Hamilton—Jacobi equation is solved
by the action principle of classical mechanics (see, for example, Ref. 19).
Furthermore, in perturbation theory the same classical action is given by
summing over all tree graphs. Thus the domination of the flow equation by
a Hamilton-Jacobi equation provides a new viewpoint on the tree graph
bounds used in cluster expansions. See the review article in Ref. 7 for
discussion and references on this topic. Unfortunately, the “wrong sign” in
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Eq. (1.7) means that we have lost relative signs between tree graphs and it
is in these signs that the stability of the interaction is encoded. For this
reason we are forced to restrict ourselves to initial data with bounded
derivatives. This is a bad restriction as far as interesting physical systems
are concerned and it would be most desirable to get bounds involving a
Hamilton—Jacobi equation with the standard sign. In particular, it is
important to note that our theorems are too weak to use as a basis for a
good global existence theorem such as is needed for the study of critical
behavior by the renormalization group, in contrast to the methods
discussed by several other authors.”) Even for systems with initial data in
our class we do not obtain long-time existence theorems useful in the study
of critical phenomena, because under scaling, which is part of the renor-
malization group, bounded functions become less bounded and start to
resemble polynomials.

Nevertheless, this method is very simple and useful as far as it goes
and provides accurate estimates. We show in Extension 2.5 in Section 2 and
in Section 4 that when the initial data are chosen to be a trigonometric
polynomial the existence theorem can be improved in a simple way so as to
take advantage of the smoothing properties of the Laplacian in the flow
equation and then the method is strong enough to prove convergence of
the Mayer expansion (= perturbation theory) for the continuum sine-
Gordon field theory for f<16n/3 and z small. The sine-Gordon field
theory is the same as the two-dimensional Yukawa gas and 16m/3 is
beyond the first threshold at § =4n at which the gas collapses into dipoles.
These are mostly not new results, but we think there is a conceptual
advance in our derivation. We have also found a very useful graphical iden-
tity (Theorem 3.1), which is representative of the principle that graphical
expansions are dominated by their tree graphs. As an application of this
result we apply the identity to the (Villain) Yukawa system in three dimen-
sions, first analyzed by Gopfert and Mack."?

Each of the following sections refers to results in earlier sections, but
nevertheless can be read almost independently.

2. FLOW EQUATIONS AND A SHORT-TIME EXISTENCE
THEOREM

In this section we study the approximate additivity properties of
V(t, @) defined by

V:= —log[u,*exp(— V] (2.1)

where du, is the mean zero Gaussian joint probability distribution with
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covariance C(t) = C, (t) where e R™ is a real number that parametrizes a
differentiable deformation of the covariance. Thus, we assume

C(0)=0 (2.2a)
C is differentiable (2.2b)
C=dCldt =0 (2.2¢)

and interpret du, to be the measure d(¢). This is consistent with continuity
because the weak limit of du, as ¢ tends to zero is é(@). Condition (2.2¢)
means positivity in the sense of forms. V? is a smooth, bounded function
of 9. We will also use p[,y to denote the Gaussian measure with
covariance |* C(1) dr, so, for example, p, is the same as Kool

Lemma 2.1. V is the unique bounded solution to

oV 1o . ey v av
== ————]; t>0
o 2Z Coll) (a%a(py 6q0x6‘(py)’ >
lim V(1) = y© (2.3)

=0

Proof. u, has a Gaussian density which is the fundamental solution
for a heat equation, so that Z=pu, * Z© is the unique bounded solution to

0Z 1 . 0’z
PR

- lim Z(t, ¢)=Z® (2.4)
o 0p, 0p, t—0

The proof is now an elementary calculation using V' = —log(u, * Z*) with
ZW=exp(— V). 1}

To state our existence theorem we define

_ o (2.5)
XX pf T C’)(px‘ e 5(me '
1
VM([) = Ssup —A/F Z ‘ Vx,xz,...,xM(t’(p), (26)
@ real, x D Xa XM

IC(n)=sup Y. |C,,(1)]

Vs is defined for M =1 by omitting the sum in (2.6).

Theorem 2.2. Suppose that the power series in one variable ¢

W@ = 3 Val0) o 27)

M=1
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has a nonzero radius of convergence; then

ov 1, . ov\?
—==|C()| | —1, 0, p)=0" 2.8
S50 (50) w00 =s0) 28)
defines for ¢ small a function v(z, @) that is analytic near ¢ =0. For all ¢ for
which v exists the flow equation (2.3) has a unique solution which is
analytic in the initial data and bounded according to

Var(t) Sop(t), M=1,2,. (2.9)
where v,,(¢) is the Mth coefficient of the power series for v:
o(t, @)= 3, vult) o™ (2.10)
M=0
In particular these bounds hold if ¢ is sufficiently small that
[ 1
U |C{s)| ds] sup [MV ,(0)17™ <~ (2.11)
0 Mz=1 4

Proof. The flow equation is

oV 1 >V oV ov
— = — - —_—— e —— —— A
) yi0<&mﬁ@z &mawj’ e

v,z

(2.12)

Since we are only considering bounded solutions of these equations, we can
rewrite them as integral equations

1 . )
VO = s VO =3 | ds T Couls) gy » [V,065) Vils)]
We differentiate this with respect to ¢ ..., ¢, and obtain

! .
Vim0 2 8 (6T ¢ upar Vo Vens)  @13)
Je1%0 .z

where 7= {1,.., M} and we have used the set subscripts 7, J, and I\J to
denote derivatives with respect to ¢’s at x; for ie J, etc. We can insert these
equations into themselves and thereby generate a series for any given
derivative with coefficients involving only derivatives of the initial con-
ditions. This becomes a power series in z if we replace V©® by zV©®, We
also find by taking absolute values and supremums over ¢ that

Viu(t) < VM(O)+l f ds IC) (p+1) V,14(s)
2,40

XM=p+1}Vy_,14(5)
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for M>=1. The u's disappear on taking supremums because they are
probability measures. The iteration of

o) =005 3 [ 51O 2+ 1)0,4.06)

X(M—p+1)vy,_,.q(s) (2.14)

where M >0, produces a series that majorizes the formal series for V,,
(with M = 1) obtained by iterating (2.13). Furthermore, if we define v(t, @)
by

o(t, @)=Y, v(1) @™

then (2.14) becomes

1 . du(s, 9)\*
i) =200, 0)-+5 [ s 100 (25 2.15)
2 90 6(p
which is the integral equation corresponding to
v 1, . [v\? ®
2210 = =0)= M 2.1
G=3lA(5) w=0= T o (2.16)

We will now prove that the iteration of (2.14) converges, by replacing v(0)
by zv(0) in (2.15) and showing that this equation has a solution analytic in
z in a neighborhood of {z:|z| <1} and in ¢ near ¢ =0 for ¢ satisfying
(2.11). Tt is enough to replace the initial condition on v by the majorizing
series

1
v(0, p)=2z) — K"pM = —zlog(l — Ko)
M
where K=sup,, ., [MV,,(0)]Y*. By changes of variable
=K [ 1C6)lds,  o=Kg
0

the equations are transformed to
dv 1/ ov\?
—=—{— =0)= —zlog(l —
at 2 (6@) > U(‘C ) z Og( QD)

This equation may be solved by the action principle (see, for example,
Ref. 19). Its solution is

b= —2l0g(1 ~ o) 5 (0~ Yo
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where ¥ is such that the right-hand side is critical, i.e.,

z 1

gt Yo =0
v is analytic near ¢ =0 for 0 < |zz| < 1/4, which by our change of variable
above is the same as (2.11) since |z|<1. We conclude from these
arguments that the series generated by iterating (2.13) and its derivatives is
convergent for small time in the V', norms defined above. This implies that
the series are uniformly convergent series of analytic functions, so that the
series for V solves the flow equations (2.12). |

Some Extensions

Extension 2.3. If the set 4 has a metric p (example: Euclidean
distance on A =2Z9), then we can discuss exponential localization, i.e.,
exponential decay of correlation functions, by defining

P(X| ey Xy) = inf Y p(x,, x,,) (2.17)

Tetree graphson {1,..., N} , 7= o

which is a measure of how spread out the index points x,..., x, are. Next
we fix 120 and define

1
Z | Vx,xz,...,xM([’ (P)| exp[ip(x’ X2,..., -XM)]
Ml

Faeers XA (26')
IC()]=sup ) |C, (1) expip(x, )]

x oy

Vaa(t)= sup

@ real, x

With the same proof as in Theorem 2.2 we obtain the following result.

Theorem 2.2'. The same as Theorem 2.2 with V,, and |C| replaced
by V., and |C|;, respectively.

Extension 2.4. If the index set A is a subset of the lattice
(eZ)? = R¥ then by replacing V' by £V all we have done carries over
with sums over indices x € A replaced by Riemann sums. This means there
will be a continuum version of these results in which derivatives with respect
to ¢, are replaced by variational derivatives d/0¢(x), ¢ becomes a
Gaussian field over R, etc. In particular, the flow equations can be refor-
mulated as integral equations.

Extension 2.5. Theorem 2.2 does not take advantage of the
smoothing properties of convolution by u. As we will explain below,
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trigonometric polynomials are a standard choice for the initial data. In this
special case it is easy to do better: fix 7> 0 and consider, for example, the
initial data

VO=zY exp(ip,)r

where : :; (normal ordering with respect to the covariance at r=T) is
defined by

:exp(icpx):T = exp[%cx.r( T)] GXp(l.(px)
We assume that C,, is independent of x and set ¢(s)= C . (s).
Proposition 2.6. For T sufficiently small that

T

ZJ{‘ |C(s)| exp [jrc(r) dr] ds<e!
0

K

The equation

o 1 T . A
E:—iexp [L c(t) dr:| [C(1)] <%>
o(t=0)=ze?
has a solution at least up to time 7T and for M > 1,
Vil T)<v,(T)

If Theorem 2.2 were applied, we would achieve essentially the same
result but without the normal ordering and with c(s) set to zero. This
proposition is a precise version of the Mayer expansion. We will elaborate on
this in the last section.

Proof. The action of convolution by u on the initial data is

1 pe.
pox VO =2Y exp [— EJ C . (s) ds} exp(io, ) r
R4 0

so Eq. (2.15) in the proof of Theorem 2.2 can be replaced by

o(1) = exp [ﬁ %fo o(s) ds] v(0)

Lo, T
+3] ds1C() [% (s)]
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Provided ¢ < T, we can replace this with the majorant

1t ' .
o(1) =exp [— 3 JO e(s) ds:| v(0) + Jo ds |C(s)] k(s)

<oxp| 5[ etwra | [%v(s)]z

5

where

1

k(s)=exp [5 J-VT c(1) dr]

This integral equation corresponds to

v 1 1 . v\’ = M
5= e g k01C01 () 00= 5 Va0o

We make the change of variables

o(t)=exp [_;_ jIT c(s) ds] i(¢)

to eliminate the linear term in this equation and proceed as we did with
(2.16) in the proof of Theorem 2.2, to conclude that for M >1

V(1) <exp B IT e(s) ds] 5,,(1)

where o(t) solves, for 1< T,

85 1 T . 617 z
= =3P [II c(s) dS} [C(0)] (%)

6(t=0)=exp[——jorc(s)ds} i V,,(0) @™

and by the action principle this equation has a unique solution at least for ¢
such that

f \C(s)| exp UTC(T)dr] dsz] <e!

Collecting these equations completes the proof. |
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Constants. With initial data like exp(ilp) whose Nth derivative is
bounded by const” as opposed to N!, we can replace the 1/4 by 1/e because
the initial data can be majorized by the series for e? instead of
—zlog(1 —¢) and then the equations v, =40}, v(0)=¢® have a solution
that exists for < 1/e.

3. EXPLICIT FORMULAS AND THE MAYER EXPANSION

In this section we will obtain explicit formulas for the expansion that
results from iterating the integral equation form of the flow equations of
the last section. In the case of trigonometric initial data this expansion is
the Mayer expansion and we concentrate on this aspect first.

For the special case discussed in extension 2.5, where the initial data
19 are given by

VO =% explip,):

xed

there is the following well-known and easily proved identity, the sine-
Gordon transformation (see, e.g., Ref. 10, Section 2), which connects the
Gaussian integrals we have just been discussing to statistical mechanics.
Let x4 be a Gaussian measure with covariance u; then

u* exp(—zV®)
N

1
- % y exp[—z Y u(r,,ijexp<Zqoxj>

N Y X[ XN L

The right-hand side is the partition function for a grand canonical ensem-
ble of N particles in states x,,..., x5 with activities z exp(ip) and two-body
interactions u(x, y). The right-hand side of this equation can be defined in
a wider context than the left, so we make the following generalizations.

Let (A, dp(x)) be an arbitrary finite measure space (the possible states
of a single particle). Given (jointly) measurable real-valued functions
u(x, y) and ¢(x), we set

U=sU(xqy xy) = z u(x;, x;)

i#j

Zlo) =T 57 *p exp(=V)exp | i T ot | (3.1)

b | —

jul =sup [ dp(y) lutx, )|

x
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We assume that the interaction u is a family u = u(¢) which is stable in the
following sense: there exists u(t, x, vy} and c(tr) such that for all N,
X pees X pvs

u(t, x, y)= ft u(t, x, y) dt
1‘” 1 (3.2)
U(t, X,y X ) =3 Y a(, x, x;) 2 -3 c(t) N

i#j

It is a standard procedure, discussed, for example, in Ref. 7, to define the
Ursell coefficients (exp[ —U]), by

(exp[ —Ulxy,y xy)1)e =3, [ {expl[ —ulx;, x,)1 -1}

G ijel@
=1 if N=1

where G is summed over all connected graphs on N labeled vertices
{1,.., N} with bonds denoted by ij, where i<, i, je G. Then one proves
(Ref. 7, Appendix A), that in the sense of formal power series

1
log Z(p) =), i J d™p (exp[ — U(x ., Xu)]). €XP [i Y qo(xf)}

This (Fourier) expansion is called the Mayer expansion.
Notation. Let x,,.., x be given. Given a subset /< {1,.., N}, we set
U= Ul(x)ie 1)
uy=u(x;, x;)
ij = pair (4, j)with i< j

Our first result does not require the stability bound in (3.2), since it is
an identity which holds pointwise in x,,..., X .

Theorem 3.1. The Ursell coefficients are equal to

(exp[ - U(xl ER] xN)] )('

= (=¥ '> H jr dsbdb(sb)exp[—ZJ

T beT*—® ki "sthd)

t

ds ak,(s)}

where T is summed over all connected tree graphs on the labeled vertices
{1,.., N} and b runs over all bonds in 7. The s(k, {) is defined by

s(k, ly=sup{s,: b € unique path in T joining & and /}
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This identity is a better version of the tree graph identities found by
Battle and Federbush® (see also Ref. 7, Theorem 3.1, and review in Ref. 7.
An important feature of this identity is that if U is stable as in (3.2), then

1
Y dl(s)= —sc(s)N
ki s(ky< s 2
In particular, this means that the exponent in Theorem 3.1 is bounded
below, so that

Hexpl ~ U(xy s Xx) 1),
t 1 ot
<Y1 f ds, |i1,(s,)| exp [EJﬁ d c(r)NJ (33)

T beT ~— %

We postpone the proof of Theorem 3.1.
An Application of Theorem 3.1

The Villain Yukawa Gas. This model is related by Poisson sum-
mation to the massive Z ferromagnet. The analysis of this model was an
essential step in the papers by Gopfert and Mack'? on permanent con-
finement in Abelian U(1) lattice gauge theory. The partition function of the
model is

Zo(@) =) exp[if'*(m, @)1 exp[ —B(m, vm)/2]

where m is summed over all assignments x — m(x) € Z of integers to sites in
a finite subset Q of a simple cubic lattice Z* in v dimensions and
v=(—4+M?*)"". We are using the notation (m, @)=Y, m(x) ¢(x).
Define 4=Qx(Z\{0}) and let dp be counting measure on A. A typical
point in A will be denoted (x, m) or {. It should be thought of as a charge
m at site x.

Proposition 3.2 (Gopfert and Mack). For f sufficiently large,
depending on dimension v and the mass M,

t
log Zo(¢) =Y, 77 | @0 (expL ~ UG £))e

X eXp |:iﬁ”2 Y qu)(xj)}
is convergent uniformly in @ after dividing by the volume of 2 and

j d¥p |(exp[ — UL sy L)1)

x1 fixed

< (1+BM 2)~1C(B, M)Y (N—2)!
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where

CB, My=(1+BM"?) > mexp(— %ﬁsmz—i-m)

mz1

g=(M?+4v)™!

Gopfert and Mack also give results on the exponential decay of the
connected parts, which can easily be extracted from this approach also.

Proof. The essential point is that the self-energy of a charge forces
the activity down. To exploit this it is important to use the hard core
interaction that will shortly be introduced to prevent equal and opposite
charges from sitting on top of each other.

Following Gopfert and Mack, we note that this is also the grand
canonical partition function of a hard core Yukawa gas of particles on 2
with infinitely many species labeled by charges m= +1, +2, etc., so that
the possible states are labeled by &= (x,m)e A=Qx(Z\{0}) and

1

- [ @*p T1 expLip"m,(x,)] exp(—U)

i=1

ZQ((/)):Z

N
with dp a counting measure on A and

1

U(éla"'s CN) :E z u(éi’ f/)

i

where
u(¢;, f,) = er’mjv(xi’ x,) + vp( X, xj)
UnelX;, X;) = 00 if x;=x;

=0 otherwise.

Note that, in contrast to (3.1), self-energies are included in U.

Since this is a lattice system, v~ '= —4+ M? is a bounded operator.
We set ¢! =|v~!| = M?+4v. This implies that as a form v>¢, so that
Uz ief(o, o), where o(x)=Y,;m,; 5(x — x,). Furthermore, because of the

hard core, (0, 6) > Y. m?, so we have the stability estimate
1

This lower bound by a positive quantity will drive the activity down.
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We define for te[—1, 1]

u(t, &, €)= f(t) 8(x;— x;) for 1>¢>0

= fm,m;v(x;, x;) for 0zt>= —1

where f(¢) is any monotone function with f(1)=co and f(0)=0, so that
u= | udt By Theorem 3.1,

[(exp[ = U(&, - E0) ).

i 1 1
< ds; u — = ds 1
; J_l hl]r [ds; u(s,)] exp |: 2 ;{ L(M) S “k/(s)]l
where the sum over k, / now includes k =/ terms and s(k, [}= —1 if k=1

For fixed (s,) let # be the set of bonds k/ (k #1) for which s(k, /) <0
and let p be the set of bonds for which s(k,/)>0. Let T, =Tnp,
T_ =T n Rewrite the exponent using

> jl ds 11,,(s)

kg ©stkD)

= Y [ dsigs)

kilep "sUh)

0
+ Z f dsuk[ + Z J dsuk/
klen stk klen

The last term integrates up to a hard core between all pairs &, [ with k/en.
The second term equals

0 0
S dsigts)=[ ds T duls) uls> sk, )
k.t Vsl - ki
where y is the indicator function. It follows from the definition of s(k, /)
that for each s there exists a partition of {1,., N} into disjoint subsets
Xi,.., X, such that

(a) k, I belong to the same X iff s(k, /) <s

Z uds) x(s=s(k, )= Z z t(s).

k.l i=1 kileX;
Property (a) implies that if /, j e the same X, then s(i, j) < s <0, so therefore
ijen and the last term forces a hard core between i and j. Therefore, by the
stability estimate, the second term is bounded below by &f 3" m?. The first
term is the sum of positive terms, so we can bound it below by dropping all
terms except those with k, /e T, .

822/48/1-2-3
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The last paragraph shows that
[(exp[ = U(& 15 Ex) 1)l

<3 ] M T {tsen| [ a s |

7 = lper beT,

x [T [liy(sy)l ]exp(——82m>

beT_

We hold T, T, , T_ fixed and do the ds, integrals, noting that if b =jj and
we set x, =x,— x;, then

[ dsyip(s,) exp [— [ iyts ds] = 5(x,)

Sh

Therefore

[(exp[ — U 5 EN) )
<Y Y I1 é(xn) IT mum,Bo(x, exp(——sZm)
T T.cT bheT, jeT.

Let d(i, T)= # of lines in T that meet vertex i. Then

1—[ mim/< l_[ 1m[|d(i,7‘)
i

jeT_

and this combines with the last inequality to give us
lexp[ — U(&y, En) 1) :
<Y [T [6(x,)+ Bu( U]Hlml"“”exp<~§sm>

T beT

We sum both sides of this inequality over x,,..., X, using

o T [o(xp)+ Bo(x,)I< (1 + M 2N

X2,aXy bET

We estimate the sum over trees T using Cayley’s theorem, which says that
the number of trees on N vertices with d(i, T)=d(i) is
(N —=2)UTT(d(i) — 1)!. The result is

[ @ iexpl— U, £

x| fixed
N1 |m|“ B N
< (1 +BM2) (N—2)![m’dzw(d_l)!exp<——§8mz>]

= (1+pM )" C(B, M)" (N-2)! 1
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Theorem 3.1 is proved using the following lemma, which involves the
flow equations of Section 2 written in terms of the Fourier coefficients of V.

Lemma 3.3. Fix x,,.,xy. The system of ordinary differential
equations for the functions f(I)= f{(1, I)
d i
SA=— ¥ i -3 % X S0
Ljeli<j JCIlEJjE[\J

where /< {1,.., N}, together with the initial conditions

lim f(5,I)=1 if |I=1

t— —ao

=0 otherwise

has a unique solution, which is

flt, = (e="""),

The sum over Jc [ extends over proper subsets of .

Proof. We begin by showing that the Ursell function is a solution.
For |I| =1 the differential equation is df/dr=0, which is satisfied by the
N =1 Ursell functions. For N> 1 we use the definition to compute that

ﬁ Su) = Y Y g [] (e —1)
dt G beG aeG
a#b
= —ZubZ [T (e7—
G aelG
+Zab[ Y MM -3 [l (e“"~1)]
b G béG aelG G:beG aecG

a#b

The first term is — 3, #1,(e ~Y"),, which is the first term in the right-hand
side of the differential equation. To each graph G in the first sum inside the
square brackets we may associate a graph G’ in the second sum by
G'=G U {b}. The corresponding terms cancel. The remaining terms in the
second sum are labeled by graphs G such that » € G and G becomes discon-
nected when b is removed. Let G, and G, be the two connected com-
ponents of G with & removed. Let J be the subset of vertices in 7 that are
connected by G,. Then we can write all the surviving terms in the square
brackets as

—%dk, > )ID) [T (e =1

JikedleNJ Girond GronNNJ aeGiuG
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Using the definition of Ursell functions, we find that this equals

T T (e ) ),
ki

JkedleNJ

which is the second term on the right-hand side in the differential equation.
Thus, we have proved that the Ursell functions satisfy the differential
equation.

To see that the differential equation has a unique solution, suppose
that g(7) is another solution with the same initial conditions. If |7| = 1, then
certainly g(I) = f(I) =1 for all 1. Since the nonlinear term on the right-hand
side of the equation involves g(J) with |J| < |I|, we find

d
Z [f()—gD]=— 3 a;[f(D)—gW)]
jigel
and so f=g for all r. |]
Proof of Theorem 3.1. For I< {1,., N} let

i

S

Il

(==Y ] r dsha,,(s,,)exp[—Zj

T heT " —® ki (k)

ds ak[(S):l

Il

i =1

where T is summed over all connected tree graphs whose vertices are the
elements of /. By Lemma 3.2 it suffices to prove that fsatisfies the system of
differential equations and the initial condition in the lemma. The initial
conditions are satisfied trivially.

When we differentiate f with respect to ¢ the derivative can either act
on one of the ds, integrals or on the exponential function. The result of the
latter is — 3" u; f(I), which is the first term in the differential equation. The
contribution from the derivative acting on the ds, integrals is

(" Y Y a1 [ s,

T beT beT "~
brb
t
x [1 le(sb)exp[—Zf dr L'l,-j(‘E):|
beT i CHEg)
bl

where s, = 1. If we remove b’ from 7, then the set [ splits into two subsets J
and I\J, which label the variables connected by the two connected subtrees
into which 7\ {b'} splits. If ie J and je I\J, then the path from i to jin T

must contain b’. This implies that ¢(i, j)=¢ and so fj(,.’j, ds t1;= 0. Thus the
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ds, integrals factor into integrals associated with J and NJ. At the same
time we can factor the sum over T into a sum over T, and T,, all tree
graphs on J and N\J, respectively. The sum over T, is f(J) and the sum
over T, is f(I\J), so we obtain

1

5 X @) ()

J ieJ
JjenNJ

This is the other term in the differential equation, so we have shown that f
satisfies the differential equation and the proof is complete. |

Now we consider the analogous result in the context of perturbations
of Gaussian measures. In particular we establish a relationship between the
flow equation and the Hamilton—-Jacobi equation (with the “right” sign)
term by term in an infinite series. Given a tree graph 7 on vertices labelled
l,..,n and nonnegative numbers (s,),.,, we construct from ¢ a new
Gaussian process @ =(9,)=(¢Q.)cesi=1.. Wwith joint Gaussian dis-
tribution ;. defined by the covariance

Coiy= jr C,,(s)ds

s(4,7)

Let A,,.., 4, be given functions of ¢; then we define a new function of @,
(A,,.., 4,)., which is multilinear in the A’s, by

(41 A=Y T (jo dsb>ur,s*{n L] 1 A,}

T beT beT i=1

where on the right-hand side 4,=A4,(¢;) and p,, * is convolution by the
measure defined above in the following sense:

(o )(@) = | dur, F0+ 1, 0+0,)
and if the bond be T 1s ij, then

4,=Y €, 0/00,,0/00,,

Xy

Theorem 3.4. If V'=V(t, @) solves

oV 1 oV oV ov
—:—z xy(t) YN -
a2 0p, 09, 09,0,
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with given initial data, then, as a formal power series,
1
Viny= -y, p (V(t=0),.., V(t=0)),

The series is convergent for initial data and ¢ as in Theorem 3.1.

If the convolution by u were omitted in the definition of
(¥(0),..., ¥(0)),., then the series would solve the Hamilton-Jacobi equation
instead, i.e., the flow equation without the second-order derivatives in ¢.
This will be clear from the proof and it is a way of seeing that the solution
to the Hamilton—Jacobi equation (which is also the classical action) is the
sum of all tree graphs.

Proof. Let f, denote the nth coefficient of the series, i.e.,

foma 1 ([ )+ { Tt 1 14

ST her \V0 beT i

where A4,= —V (=0, ¢""). We substitute the series into the equation and
equate powers of ¥ to find that the differential equation is satisfied if

S RN 0* 0 0
N
2 Z - a(p‘( a(pl f 1ot I;n =n a(p\’ f‘/ a(p‘ f

7, has two terms, depending on whether the time derivative acts on the ¢ in
the uo, or the ¢ in the limits of the ds integrals. The first term is simplified
using

d

1.
E/’LT.S * F=§A:uT> * F

and is the first term on the left-hand side of the differential equation. When
the 7 derivative acts on the limit of a particular ds, integral we lose the
integral and set s, = . If we remove the bond b from the tree graph 7, then
the set of vertices {1,..., n} splits into two sets J and J¢ each of which is
connected by the (two) subtrees into which T dissociates. If 7 belongs to J
and j belongs to J¢, then the path in T from i to j must contain b, so that
s(i, jy=t. This remark and the definition of the covariance of u,, imply
that the random variables @ with i in J are independent of the variables
with in J¢ If the bond b and the subset J are held fixed, then the sum over
trees 7" factors into two independent sums over trees on J and J°. Since pi
also factors, we can write the sum over all terms with b =1j fixed as
! ! )
> LS e glx ) g0 )

Jiield, je ¢ Y
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where /=1]J| and m = |J¢| and

s =g & L ([ d)urse 5o {1 141 T 42}

Ton.l aeT aeT kel

We now sum over the bond jj, interchange the sums over i/ and J, and use

Zgzx,J)—

el r

Wy

The result is the second term in the differential equation. |

4. THE YUKAWA GAS

It has been shown®!®!*!7 that the two-dimensional Yukawa gas

has an infinite series of thresholds in the interval fe [4n, 8n], starting
at f=4n, at each of which, successive terms in the Mayer expansion,
beginning with the term of order z* become infinite. However, the corre-
sponding sine-Gordon quantum field theory remains stable provided an
extra vacuum energy counterterm is included. They have interpreted these
thresholds in terms of a sequence of collapses of the system into dipoles,
quadrupoles, etc., and Benfatto er al. have started a program to study the
convergence properties of the Mayer expansion for the Yukawa gas in the
region 4n < < 8xn. In this section we will show by an extension of our
previous arguments that the Mayer expansion is convergent for f in the
range 4n < B < 167/3 provided the O(z?) term is omitted and we will make
some remarks on how to extend the argument up to f < 6z, which is the
first threshold after 4n. Benfatto efal*® have obtained similar results
independently. First it is helpful to sec how we can obtain their result on
the convergence of the Mayer expansion for § <4n. We begin by proving a
general theorem of independent interest, which appeared in Ref 9 in a
slightly weaker form.

We assume we have a system that is stable in the sense of (3.2) and we
define R;={teR:t>1>s and ¢ is a purely repulsive interaction} and

then set
i(s) = ti(s) exp <—f u)

s

We also note that if te R, then ¢(7) =
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Theorem 4.1. Let

o=[

lii(s)| exp U o(7) d‘c:| ds
Then

sup J dNAlp [(expL— Uz, x, X100, Xy _ 1) 1) SNN“ZQN—l

X

If Q <e™!, then the Mayer expansion converges.

The appearance of # as opposed to # in the norm is quite valuable,
since the theorem can be applied to systems with hard cores, unlike the
theorem in Ref 9. Apart from this, this result was in essence already
obtained in Section 2 (Extension 2.5), except that we did not formulate a
continuum version and we imposed the slightly stronger condition that
1= C be positive definite as opposed to stable. (The imposition of initial
data at t= —oo instead of =0 is a trivial change.) Theorem 3.2 is also
easily derived from Theorem 4.1.

Proof of Theorem 4.7. We return to the flow equation of Lemma 3.3
and write it as an integral equation:

fo==3[ &% ¥l 100 f0gsren (3 [ i)

—©  jeli¢s kl“S
ieJ
provided |1|>1; if {I| =1, then f(I, ¢)=1; if I=, then f(I,¢)=0. To
prove this, it suffices to check that it satisfies the differential flow equation.
We introduce the norms

Fy(s)=sup [ dxy - dx, | f(L, 5)

X1

(with the integral and sum omitted if n=1) and make the inductive
assumption: for 2 <k < n,

ds’ |4(s')] exp |:J‘S e(t) df]}kl kF2

Fo <
We substitute this into the integrated flow equation and apply the stability
estimates, >, t1,(1) > —3c(t) nif T notin R;, >u, for any jjif r is in R, to
obtain
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1 AW n—k—1 15
Fn(z)s—j sy (") k< 1(n—k) li(s)|
20 T e \k

X {r ds’ [a(s")] exp |:fs c(t) dtJ}nz
X exp l:% n L’ (1) df}

We now combine the exponents after increasing the second one by
changing its coefficient from n/2 to n—1 and use the following com-
binatoric lemma:

Lemma 4.2. {Yr i (K n—ky T l=mn—-1)n""2
(We prove this result at the end of this section.) We find

Fn(t)é(n—l)n”*zfi ds 14(s)| {j

X eXp Ul (1) er}“z exp US’ e(t) dr}

5

s {J[ ds’ |ii(s')| exp U’ c(t) dr]}”—l

ds’ a(s")|

because the ds integral can be performed explicitly! This completes the

inductive step.
Since F,(t) is the size of the nth Ursell coefficient by virtue of

Lemma 3.3, the induction proves that
sup [ @~ 1p |(expl = U(t, X, X1, xy_ )]l SQY NV

which is the bound claimed in the theorem. The convergence of the Mayer
expansion for Q <e~! is an immediate consequence of Sterling’s theorem,
and this ends the proof of Theorem 4.1. |}

The Yukawa Gas for B<4m (The Cosine Euclidean Quantum
Field Theory). We take the state space (4, dp) to be 2x {—1, 1}, where Q
is an open subset of R% A point {=(x,e)e A describes a charge with
position xe£2 and charge ¢= +1. The measure dp is given by
[dp=2%,_ ., [qdx. The interaction is

u(ly, (o) = Perer(1 —4) 7" (xy, x,)



42 Brydges and Kennedy

where

—Ay! —__E__ 2 1 ik (x—y
(1—4) (x,y)—(zn)zjdk(k2+1)ek( )

Using
1 0 d 1
= dt — ———
k*+1 j,w drk*>+e™ "

to provide the representation u = j dr 1(t), we have stability in the sense of
(3.2) even though this model is not classically stable. It is now routine to
compute Q using the relations

lu(s)| =2Be™*  cls)=u(l, {)=p/4n
to show that the Mayer expansion converges provided

B<4n and  2|z| Bl —B/An) t<e!

Apart from the explicit condition on z, this result was first obtained in
Ref. 6. A direct proof that the Mayer expansion converges for this system
was first obtained in Ref. 11.

By the sine-Gordon transformation, the partition function for this
system is

Zo)= lim_[durto)exp| 2 | axicos 20+ 0 |

where the covariance of du is

0d 1
— ——dt
J‘Tdtk2+e_’

and the normal ordering is with respect to this covariance. Thus, the con-
vergence of the Mayer expansion uniformly as T— —oo and as Q increases
to R? together with the fact that each term in the expansion is Euclidean-
invariant in these limits provides - an easy proof of the
Osterwalder—Schrader axioms (except for physical positivity) for this field
theory. Physical positivity can also be obtained this way, but it is necessary
to use a different type of short-distance cutoff, such as the lattice
approximation, which has the positivity property, and prove that in the no-
cutoff limit the two expectations are the same. Since each term in the
Mayer expansion is a sum over a finite number of Mayer graphs, for each
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of which we have an explicit expression, we can show that graph by graph
and therefore term by term in the Mayer expansion the limits are identical
and then the same is true for log Z by our uniform convergence estimates
on the Mayer expansion.

The Yukawa Gas for B<16n/3. In a sense, the argument we
have just given is based on the possibility of calculating the coefficient of
the monopole O(z) term in the expansion exactly (it equals one). Now we
are about to follow the same outline, but the dipoles will be singled out for
special consideration as well. This type of idea is basic to the program of
Benfatto et al. and was also proposed in Ref. 12. It is possibly useful in any
system where forces can cancel because there are both attractive and
repulsive forces, but we will immediately specialize to the Yukawa system
in two dimensions. Define ¢ by

c(s)=p/An=41—¢)

where ¢>0 since f<16n/3. We make the inductive assumption: for
l<k<n k+#2,

Fk(s)gckflkk72es(k)l)

where C=C(f) is a constant depending only on f, which is determined
below. This bound holds when k£ =1 because F; = 1. When the induction is
complete and the constant C(f) is substituted in, we will have proved the
following theorem:

Theorem 4.3. For 4n < f<16%/3 and |z| eC(f) < 1, where

C(B) = max (162:?3[3, - _25/2n (j dx |@Xﬁl>(j dx |x| Iz)l))

o(x)=(1—4)7? (X)E(27r)*2fd2k (k2 + 1)~ 2 ek

the Mayer expansion for the two-dimensional Yukawa gas with n=2 term
omitted,

1
, 1!

2

S

[ @ 'p (€ U)o (L £

is absolutely convergent uniformly in the volume Q. The dp includes z and
2, and is defined above.

Inductive Step. We consider the right-hand side of the integrated
flow equation and divide the estimates into three cases:
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|71 £2 and [I\J] #2.

2. (|J]=2 and the charges in J have the same sign) and/or (|\J| =
and the charges in I\J have the same sign).

3. (|41 =2 and the charges in J have opposite sign) and/or (|[I\J| =2
and the charges in I\J have opposite sign).

Cases 2 and 3 overlap; we assign the overlap to case 2. We write
F,=F 1 F2 4 F@)
corresponding to the decomposition into these three cases.

Case 1. We substitute into the integrated flow equation the induc-
tive assumption and apply the stability estimate just as was done above, to
obtain

1(’ n k— n—k—
Fj'l)()SEJ\IdSEL(k)k Y n—ky —*-1!

56’ Cn \(n 2)67'1(175"(1*8)/3
“ﬁC" ZZ< ) kfl ﬂ k)n;kile(n\l)t

¢
X\[ dsev(r*,y)(2nn+1143)/’3

— X

Since n = 3, this is less than

ﬁcn 22( ) k—l l’l k))1¥k—vl€(n—l)tjil dse»(tfs)Zen/B

— ¢

_Cnflz< >kk1 k)n-k¥le(n71)l

provided C > 3f/2e. The k was the cardinality of J and consequently omits
the values 2 and »—2 in this case.

Case 2. Let J={(k, ), so that the coordinates of the two particles in
J are x,, &, x;, ¢; and in this case ¢, = ¢,=¢. Since |J| =2, we can write f(J)
explicitly (by setting {/| =2 in the integral flow equation):

1) =[ s i eueiexp | = [ o) o e

5
where
B (8) = 0(s, X, — X;)
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with
i(s, x)=e (e —d4)"*(x)=v(e *x)

From this we see that

sup [ dx, |f(J, 5)| < pe’ < 3Ce*

Xk,

provided C > 2f. In this case there is no exponential growth in s from a
stability bound because both charges are the same. We find by substituting
the stability bound and the inductive assumption and this bound into the
right-hand side of the integrated flow equation that

1 n
F(2)[ <_C”_1 kkvl —k n—k—1 (n—1)
R L N (8 L (Rt
Case 3. This is the nontrivial case. Let J= (k, /) and the coordinates
of the two particles are x,, s, and x, ¢, with ¢, = —¢,=¢. The stability
bound together with the explicit formula for f(J, s) given in case 2 imply

Y uy(s) f(J,s)

jeJ

<

~

js dS/ |l}k1(S’)| e4(lvr.)(s~5')/3

— GO

2 Byls) e

i=kJ

We take advantage of J being a dipole by noting that

Y B(s) e

j=hkt

= 104(8) — 0y(s)|

<[ dx (@) —xi,9)

k7

Therefore

Y wy(s) U, 5)

jedJ

j dx, dx,

5 , X1
< J ds’' e““““'”ﬂjdxk dx,f dx

X 10 0)(x = x,, 8) [Gpls”)]

On the right-hand side one can see the following mechanism at work:
either the dipole is “stretched” so that the ¥, factor is small, or x, — x, is
small, in which case the range of the dx integral is small and contributes a
small factor. We can evaluate the integrals by
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[ e dx, [ dx1(0.5)0x = x,, 9)] 1925

Xk

= [ax,dn, [ dx1(0,6)00+x = x,, 9] [l

x;
0

By change of variables and translation invariance we can integrate over
x,—x;, keeping x and x,— x, fixed, followed by integration over x and
then x,— x,:

=[x, 100.5)t0ir )] | e 1%, = Xl lids)]
=232 [ |(2,)(x, 0)] [ dx [x] [5(x, 0)
where we have used scaling. Therefore we have

[ e dx,| ¥ is) £ )]

jeJ

< [ ax [(3,9)00)] [ dx x] 15(0)

x J‘X ds’ es/'?_ + 3.&"/2e4(1 —&ls —57)/3
1 N
< 3 C(2pe’) e’
provided
6 . ;
>t [ ax 1@, 0001 [ ax Ix] 15(0)]

Note that the integral over s' would converge if ¢ > —1/8, which corresponds
to B<6n. We substitute this bound into the right-hand side of the
integrated flow equation and combine it with the inductive assumption and
the stability estimate to get

1
F(3) ¢ < n—1 2

k=2n-2

<Z> kkfl(n_k)nfk—l e(n—l)t

We have completed the bounds in each case and by uniting them
obtain

n

1
F,,(t)<—C"71 Z <I’l> kk—l(n_k)n—k—le(nfl)z
n L\K

k=
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which by Lemma 4.1 is less than
<Cn-lnn—2€(n‘ 1)

which completes the inductive step, and ends the proof of Theorem 4.3. |

Remarks on < 6m As noted above, our 167/3 argument handles
the |J] =2 terms. However, if 167/3 < § < 6n, then the bounds we used in
case 1 are divergent for |J| = 3 terms. These terms are “tripoles” and cannot
be neutral, and in the left-hand side of the stability bound

Y. uy(s)= —3p/8n

:I /‘<ejJ
it should be possible to prove that the coefficient can be changed from a 3
to a 2, so that these terms are after all not divergent.

Beyond 6r. For > 6r the |J] =2 terms are again divergent and the
most obvious way to deal with them requires developing graphs with
higher connectivity than trees in order to exhibit further cancellations. Now
we run into difficulties with having too many graphs to estimate. This is the
typical way in which the “large-field problem” of Gawedski and Kupiainen
makes itself manifest and probably indicates that these methods are insuf-
ficient as they stand.

The Yukawa Gas in Three Dimensions. Imbrie!'® applied the
iterated Mayer expansion of Gopfert and Mack to the Yukawa gas in three
dimensions in order to prove screening for Coulomb systems in an exten-
ded region of the parameter space. This type of result on the Yukawa gas
also follows from Theorem 4.1 with a deformation of the potential (like the
one used in our discussion of the Villain Yukawa gas) as follows:

d(S, Cia C/):f(s) X(xi_xj) for 1>S>O

= Be£;0(s, x;, X;) for 0252 —

where y is the characteristic function of the set |x|<1, f(s) is any
monotone function with f(1)= co and f(0)=0, and

. d 1

o(s, x4, X2)=$m (x1, x3)
Note that {'  dra is a Yukawa interaction of range L with a hard core of
range /. We obtain stability estimates for this type of interaction by replac-
ing the point charges by equivalent charge distributions on the surface of
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the hard cores using the electrostatic type of property that holds for the
Yukawa interaction. The interaction energy is then bounded below by the
sum of the self-energies of the spheres because the Yukawa interaction is
positive definite. We assume L3> > 1, bound Q by a modest calculation,
and find convergence of the Mayer expansion in a region of the form

¢y 2P+ ¢,z exp(c, B/I) + c4zBL* < 1
The standard methods can only obtain convergence in a region of the form
¢zl + c,zBL* explc; B/l < 1

which is much worse if /< f < L.

Proof of Lemma 4.2. Let Jc {1,..,n}; then

1n—1 1 )
_ kk—l k~n—k71=_ =2 ey I -2
3 2 ( ) ) S22 WP

J jeJ
i¢J
We rewrite the left-hand side using Cayley’s theorem, which says that the
number of tree graphs T, on a set of vertices J is |J|"/1 %

=—ZZZ I

J jed TyondJ TonJ¢
i¢J

=(n—1)(# of tree graphs on {1,.., n})

because there is a two-to-one map from J, i, j, T\, T, onto T, b, where T is
a tree on {1,..,n} and b is any bond in 7. The map is given by b =ij and
T=T,uT, and its inverse is to remove the bond b from 7, thereby
splitting it into two subtrees on J and J¢, respectively. The factor of two
arises because of the ambiguity in how to name the two subsets of vertices
Jand J¢. |}
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